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Abstract
A property P of graphs is said to be hereditary if whenever a graph G has the property P and
H is an induced subgraph of G, then H also has this property P. Two hereditary properties P1, P2
are said to be equivalent if G(P1)=G(P2), where for i=1; 2 the set of all graphs which have the
property Pi is denoted by G(Pi). A hereditary property P is said to be reducible if there exist two
hereditary properties P1 and P2, neither being equivalent to P such that G(P)=G(P1)[G(P2),
in which case the property P is said to be the union of P1 and P2 and is denoted by P1 _ P2;
P is irreducible otherwise. In this paper we characterize irreducible properties and disprove the
following conjecture raised by Rao: If P is a hereditary property, then there exist nitely many
irreducible properties P1; P2; : : : ; Pn such that P=P1 _ P2 _    _ Pn. c© 1999 Elsevier Science
B.V. All rights reserved
1. Introduction
All graphs considered in this paper are nite and have neither loops nor multiple
edges. For denitions not given here and notations not explained, we refer to [1]. This
paper is essentially a study | based on [2] | of hereditary properties of graphs. We
begin with preliminary denitions and notation.
We say that a graph is a supergraph of another graph, if the latter is an induced
subgraph of the former.
A property P is said to be hereditary if whenever a graph G has the property P and
H is an induced subgraph of G, then H also has the property P. For any property P,
we denote by G(P), the set of all graphs having the property P. Two properties P1, P2
are said to be equivalent, if G(P1)=G(P2), that is, P2 is a characterization of P1. A
property P is said to be the union of two properties P1 and P2 if G(P)=G(P1)[G(P2),
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in which case we write P=P1 _ P2. A hereditary property P is said to be reducible
if there exist two hereditary properties P1 and P2, neither equivalent to P, such that
P=P1 _ P2; P is irreducible otherwise.
In [2], Rao has raised the question of characterizing irreducible properties and has
made the following conjecture: Any hereditary property is a union of a nite number
of irreducible properties. In this paper, we answer the rst question by nding two
conditions | each one is necessary and sucient | for irreducibility of any hereditary
property. Generalization of one of the conditions gives a criterion for determining when
a hereditary property can be written as a union of nitely many irreducible properties.
Finally, we settle negatively Rao’s conjecture.
2. Results
First, we give a result which characterizes irreducible properties:
Theorem. For any hereditary property P; the following are equivalent:
(1) P is irreducible.
(2) Whenever two graphs have the property P; there exists a supergraph of both;
which also possesses P.
(3) There exists an increasing sequence of graphs fGkg1k=1 in G(P) such that any
graph in G(P) is an induced subgraph of some Gk .
Proof. First assume that P is irreducible. Let G and H be two graphs having the
property P. Let P1 and P2 be two properties such that G(P1) is the set of all supergraphs
of G in G(P) and their induced subgraphs and G(P2) is the set of all graphs in
G(P)nG(P1) and their induced subgraphs. Obviously both P1 and P2 are hereditary
and P=P1 _ P2. Since P2 6=P because G =2G(P2), it follows by irreducibility of P,
that P=P1. Therefore, H 2G(P1); i.e., there exists a supergraph of G and H having
the property P. Thus it follows that (2) holds.
Now let us prove that (2)) (3). Since the family of all graphs is countable, we
can write G(P) as fHi j i=1; 2; : : :g. Now construct a sequence of graphs in G(P) as
follows: Let G1 be H1; for any positive integer k>1, let Gk be chosen as a super-
graph of Hk and Gk−1. It is easy to see that this sequence of graphs satises our
requirement.
Now assume that (3) holds. Let us show that P is irreducible. Suppose P1 and P2
are two hereditary properties such that their union is P. Then obviously one of these
two properties, say P1, is possessed by innitely many members in the sequence; since
this sequence is monotone, it follows that every graph having the property P is in
G(P1); i.e., P=P1. Therefore P is irreducible. This completes the proof.
Using the above theorem, we can formulate a criterion to determine when a hereditary
property is a union of a nite number of irreducible properties.
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Theorem. A hereditary property P is a union of n number of irreducible properties if
and only if from any n + 1 number of graphs having the property P; two graphs can
be chosen such that a supergraph of both also has the property P.
Proof. First assume that P is a union of n irreducible properties P1; : : : ; Pn. Let
G0; G1; : : : ; Gn be any n + 1 number of graphs having the property P. Now by the
‘Pigeon-hole Principle’ two of these n+ 1 graphs, say G0 and G1, share one of the n
properties, say P1. Since P1 is irreducible, by the above theorem, a supergraph of both
G0 and G1 has the property P1 and therefore also the property P. This settles one part
of the theorem.
We prove the other part by induction on n. The case n=1 follows from the earlier
theorem. So, let n>1. We can assume the existence of n number of graphs G1; : : : ; Gn
in G(P) such that for all i; j6n, i 6= j, no supergraph of both Gi and Gj is in G(P), for
otherwise by induction hypothesis, P would be a union of n− 1 irreducible properties.
For any k6n, let Pk be the property such that G(Pk) is the set of all supergraphs
of Gk in G(P) and their induced subgraphs.
Claim. For any k6n, Pk is irreducible.
Let H1 and H2 be two graphs in G(Pk). Let us show in G(Pk), the existence of a
supergraph of these two. we can assume that both H1 and H2 are supergraphs of Gk .
Now consider the n+1 graphs: G1; : : : ; Gk−1; Gk+1; : : : ; Gn; H1; H2: By hypothesis, there
exist two graphs in the above set of graphs such that a supergraph of both also has
the property P. It follows from our assumption about the graphs G1; : : : ; Gn; H1 and H2
that these two graphs have to be H1 and H2. Therefore, again by the above theorem,
our claim holds.
Now let us show that P is the union of all Pk0 , k =1; : : : ; n. Let G be any graph in
G(P). Consider the n+1 graphs: G;G1; : : : ; Gn. By hypothesis, a supergraph of two of
these n+ 1 graphs is in G(P). By the choice of Gk; 16k6n, one of these two must
be G; we can assume that the other one is G1. Now by the denition of P1, it follows
that G has the property P1. Therefore, P=P1_  _Pn. This completes the proof.
Now consider the hereditary property P for which G(P) is the set of all cycles
and their induced subgraphs. It is easy to verify, either by using the above theorem
or otherwise, that P cannot be a union of nitely many irreducible properties. This
disproves Rao’s conjecture.
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